OLS Estimators
450A Political Methodology I, handout

Assumptions I-VI refer to the lectures: (I) linearity, (II) random sampling, (III) variation in X (no
perfect collinearity), (IV) zero conditional mean, (V) homoskedasticity, (VI) normality of the errors.
In the scalar sections, conditioning on X means conditioning on all the sample values 1, ..., z,.

The limit theorems used in Section 5 are stated in Section 6.

1 OLS setup

(X,Y) are jointly distributed, with Y = 5y + $1X +u and E[u | X] =0

We observe an i.i.d. sample {(z;, )}, that is, (z1,y1), (x2,92),- -, (Tn,Yn)

OLS estimators: Bo and Bl

Fitted values: g; = Bo + lei

Residuals: 4; = y; — 9;

o y; = Ui + i = Bo + P + 1; by definition

2 Deriving the OLS estimators

e Objective function: minimize the sum of squared residuals

n

S(BO,BI) = Z(yz — o — lez’)Q
i=1
1=1

e First-order conditions (FOCs): at the minimum (BO, ﬁl) both partial derivatives are zero,

W = Z(—Zyi + 260 + 2612:) =0 (1)
9Po i=1
w = Z(—2yixi + 260z + 26127) = 0 2)
9P i=1



e Solve the first FOC (1):

n

0= Z(—Qyi + 200 + 2612;)

i=1
n n
nBo=> yi—HY m
i=1 i=1
s Bo=y-hz

e Solve the second FOC (2), substituting Go:

n

0= Z(—Qy,»xi + 260z 4 26127)
i=1
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e Show that 3 = Cov(z;,y:)/Var(z;).

Expand the numerator and denominator of the deviation form:

Yo (@i =) (i — ) iy Ty — 2y — Ty + TY)

Yoy (xi — )2 S (a2 — 27w + 72)
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which is the expression for [3’1 above. Dividing the numerator and denominator by n — 1,

4, — i@ =) —§) _ Covlws )
> i (i — )2 Var(z;)




3 Properties by construction

d Z?:l u; =0

n n

> wiiy =Y wi(yi — Bo — Prai) = 0, which is FOC (2) divided by —2
=1 =1

n n n n
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which holds by the first property.

4 Sums of squares

e SST = SSE + SSR, where SST = >",(y; — %)? (total), SSE = >".(9; — 9)? (explained) and
SSR =", (yi — 4:)% = Y, 47 (residual).
Add and subtract g; inside the square:

n n

Z(yi — ) = Z [(yi — i) + (i — ?3)]2
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=SSR + SSE,

because ), 4;; = 0 and ), 4; = 0 (Section 3).



5 Statistical properties

e Unbiasedness: E[BO] = [p and E[Bl] = 1 (Assumptions I-1V).
Using >, (z; — ) = 0 twice (so >_.(z; — 2)y =0 and > ,(z; — Z)z; = > ;(z; — T)?):

B i@ =)y —§) i (@i — D)y
> i (@i — 7)? S (i — 7)2
> i (@i — ) (Bo + Brai + uy)
i (@i — 2)?
:ﬁo Yo (g =) 4+ Brd i (@ — T)ws + i (@ — T)uy
iz (@i —z)?
_Bo-0+ 5 S (@ —2)?+ 3 (s — Ty
> i (@i — 2)?

i (T — ZT)uy
<
(zi — )

> i (i — )2
=B+ Z mﬂuz | X]
Jj= J

2 i1 (@i — Z)u;
=p1 (zero conditional mean and random sampling: E[u; | X] = E[u; | z;] = 0)

=B +

Elf | X] =61 +E [ :

iy (z; — @)?

-, E[8] =E [E[Bl | X]] =81 (law of iterated expectations).
For the intercept, averaging y; = 8o + [B1x; + u; over i gives §y = Bo + B1% + U, so
Bo = — Pz
=Bo+ AT + U — BT

=Bo+ (B — Br) + @
ElBo | X] =50 +Z(B1 —E[B1 | X]) +Ela | X] =50 .. E[Bo] = bo.



e Sampling distribution (Assumptions I-VI). Conditional on X,

B~ N (ﬁl,Var(Bl \ X)) ., where Var(f | X) = U—lf

which implies ) R
B1— B _ b-h
Var(B | x)  SE)

~ N(0,1).

“Proof”: under Assumptions I-VI, given X, f; is a linear combination of the independent

normal errors u; ~ N(0,02), so it is normal, with mean 8; (shown above) and variance

Bl"‘z z] . x] _x)2ui
5 - (z; — 1)
. Var X) = Var(u; | X
S ; [ (5 — 2] i 1 4)
:i (z; — 7)* o2 = 0—37
el DOV 3_0)2}2 (e - @)

where the first step uses independence of the u; (random sampling) and the second uses
homoskedasticity.

e Consistency: plim,_, BO = [y and plim,,_, Bl = 1 (Assumptions -1V, with finite
Var(X) > 0).

o i (@i — T)us
ﬁ 51 + 1 Zz 1( x)Q
3, plim - Z?zl(%' — Ty Cov(X,u)

—— =1+ ————= (LLN and continuous mapping)
i (@ — 1)? Var(X)

plim Bl =

=1 (Cov(X,u) =0 by zero conditional mean, and Var(X) > 0)
plim By = plim (§ — $12) = E[Y] = BiE[X] = fo.



e Asymptotic normality:

61_61 ap[:\l;OX. N(O,l),

SE(51)
where .
. & . 1 L2 P 9
SE(p1) = - and &2 = w5 o2,
> i (@i — @) b ”_2; B

“Proof” (Assumptions -V, with no normality assumption):

A . (z; — ) A
-

n - LS T; — T)U;
Vn(By — Br) :f1 < §Z:1§ = 2) 5 N(0, o3/ Var(X)),
7 2im (T — T)

since the numerator converges in distribution to N(0,02Var(X)) (CLT; replacing Z by E[X]
in the numerator changes nothing in the limit), the denominator converges in probability to
Var(X) (LLN), and Slutsky’s theorem combines them. Finally,

A 1 n =\2
b1 — b - \/ﬁ dim (@i —2)*
— :\/ﬁ(ﬁl_ﬁl> ~ — N(07 1)7

SE(p1) Tu
because 6, — oy and LS (zi — 2)? 2 Var(X), so by Slutsky’s theorem the limit is

N (0, VaZ?X) ' Va;%X)) = N(0,1).




6 Reference: three limit theorems

e The weak law of large numbers (LLN): Suppose {z;} is an infinite sequence of i.i.d.
random variables with finite expected value E[x;] = u. Then as n goes to infinity, the sample

1 Z?:l x; converges in probability to u:

mean I, = o

P
Tp — 4 @S N — 00.

e The Lindeberg—Lévy central limit theorem (CLT): Suppose {x;} is an infinite sequence
of i.i.d. random variables with finite expected value E[z;] = p and finite variance Var(z;) = o2.
Then as n goes to infinity, /n(Z, — p) converges in distribution to a normal distribution
N(0,02):

Vi(Zn — 1) —5 N(0,02) as n — oo.

e Slutsky’s theorem: Let {z,,} and {y,} be two sequences of random variables (or matrices).
If x,, converges in probability to a constant ¢ and y, converges in distribution to a random

variable (or matrix) y, then z,ys, A, cy and x, + yn et Y.

7 OLS setup in matrix form

Let X be the n x (k+ 1) data matrix for k regressors (plus the constant), y the n x 1 vector of the
outcome, 3 the (k+ 1) x 1 vector of true coefficients (the intercept and k slopes), and u the n x 1

vector of errors:

(1 1L r11 z12 ... Tk Bo uy
I il AT D R
Yn 101 L N AP B 1 iy Un 1
Write x; = (1, x1,...,24) for the i-th row of X, a 1 x (k + 1) row vector. A linear model of n

observations and k regressors can then be written as
y = X3+ u.
The OLS estimator is the (k + 1) x 1 vector of estimated coefficients

b
b1

! X'y.

=
I

- (X'x)

B (k+1)x1



Writing this down assumes no perfect collinearity, so that the symmetric (k + 1) x (k4 1) matrix

X'X is invertible. With the linearity assumption as well,

B=(XX)"'X'(XB+u) =8+ (XX) ' Xu

8 Properties of the OLS estimator

8.1 Unbiasedness

E[3 | X] = E[8 + (X'X)_1 X'u| X] (linearity and no perfect collinearity)
= B+ (X'X) ' X'E[u| X]
=B (zero conditional mean and random sampling: E[u | X] = 0)
. E[B] = E[E[B | X]] =8 (law of iterated expectations)
So unbiasedness of the OLS estimator needs four assumptions:

1. linearity: y = X8+ u

2. random sampling of {(x;,v:)}

3. no perfect collinearity in X (so (X'X) ™" exists)

4. zero conditional mean: E[u; | x;] = 0, which with random sampling gives E[u | X] = 0.

8.2 Consistency

B=08+ (X’X)f1 X'u (linearity and no perfect collinearity)
n -1 n
=6+ (0 xx) (X xiw)
1 n / -1/1 n /
=B+ (ﬁ Zi:l Xixi) (ﬁ Zi:l xiui)

Applying the LLN to the two sample means (random sampling):

1 n
- ngxi 2, E[xix;] =Q (a positive definite (k + 1) x (k + 1) matrix Q exists)
i=1

n
1 i
— g xtu; 25 E[xiu;] =0 (zero conditional mean)
n

i=1

So plim,é = B+ Q'0 = B. Consistency of the OLS estimator therefore needs five assumptions:
(1) linearity, (2) random sampling, (3) no perfect collinearity, (4) zero conditional mean, and (5)

the second moments of x; exist, with Q positive definite.



Because Q is positive definite, it is nonsingular, so Q! exists. And E[x}u;] = E[x] E[u; | x;]] =

0 by the law of iterated expectations.

8.3 Asymptotic normality

Va8 =)= (5 XL xim) [V X, )]

(linearity and no perfect collinearity)

The pieces we need:

Elxixi] = Q
E[x/u;] =0 (zero conditional mean)
Var(xju;) = E[xjuuix;] — E[xju;] E[xju;]) = Eg [x] E[u? | x;] X
= 0?E[x/x;] (homoskedasticity: E[u? | x;] = 0?)

=o2Q

Applying the LLN to the sample mean of x/x; (random sampling):
1 n
— ngxi 2, Q
i
Applying the CLT to the sample mean of x}u; (random sampling):
1 n
\/ﬁ(f Zx;ul - O) LN N(0,0°Q)
n
i=1

Finally, by Slutsky’s theorem, \/ﬁ(ﬁ — ) converges in distribution to Q7! times a N(0,02Q)

vector, whose variance is Q~!(c2Q)Q ! = 02Q~ 1
Vi(B-p8) -5 N(0,0°Q7).

Asymptotic normality of the OLS estimator therefore needs six assumptions: (1) linearity, (2)
random sampling, (3) no perfect collinearity, (4) zero conditional mean, (5) the second moments of

x; exist, with Q positive definite, and (6) homoskedasticity. Without homoskedasticity, 3 is still

asymptotically normal, but its variance takes the robust (sandwich) form Q'E[u?x/x;]|Q".



9 The projection matrix and the residual maker

Definitions:
e B=(X'X)"X'y: vector of OLS estimated coefficients
o ¥ =X (X'X) ' X'y: fitted values
e =y — X (X'X) ' X'y: residuals

e P =X (X'X) ' X': projection matrix
e M=I-P=1I-X(X'X)'X" residual maker
e Hence y = Py and Gt = My
Properties (O is a matrix of zeros and 0 a vector of zeros):
1. P is symmetric, P = P’, and idempotent, PP = P

1

P = X((XX) )X =X (XX)'X' =P

1

PP = X (X'X) ' X'X (X'X) ' X' =X (XX) 'X' =P

2. M is symmetric and idempotent

M=I-P'=M, MM=(I-P)(I-P)=I1-2P+PP=1-P=M

3. MP=0O and PM =0
MP=I-P)P=P-PP=P-P=0
PM=PM =(MP)=0"=0

4. PX =X and MX = O
PX = X (X'X) ' X'X=X

MX=I-P)X=X-X=0

5. Py=yand Pa=0
Py=PXB=XB=y

Pa=Ply-y)=Py-Py=y-y=0

6. My =0 and Mua =1
My=(I-P)y=y—-y=0



X'y = X'Py = (PX)'y =Xy
Yy =yXB3=03Xy=3y

The first two equalities hold by definition (y = XB, and a scalar equals its transpose), so we

only need y'y = y'y:

/

y+yMPy=3y+yMPy=y'y

<>
|
<>

cda=yMy =y'y -3y

't =yMMy =yMMy =yMy =y'I-Ply=yy-yy=yy -5y

11
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